EE365: Linear Quadratic Trading Example



Linear quadratic trading: Dynamics

> i1 = fe(@e, ue, pr) = diag(pe)(ze 4 ue)

» z; € R" is dollar amount of holding in n assets

» (z¢); < 0 means short position in asset 7 in period ¢

» u; € R" is dollar amount of each asset bought at beginning of period ¢
» (u:); < 0 means asset ¢ is sold in period ¢

» = =z, + u; is post-trade portfolio

» p € R, is (random) return of assets over period (¢,t + 1]

» returns independent, with E p; =p,, Epipf =%



Linear quadratic trading: Stage cost

stage cost for t =0,...,T — 1 is (convex quadratic)

gi(z,u) = 17w+ %(nqu + (x4 u)TQt(at +u))

with @Q; > 0
» first term is gross cash in
» second term is quadratic transaction cost (square is elementwise; k¢ > 0)
» third term is risk (variance of post-trade portfolio for Q; = X¢ — 5,7, )
» v > 0 is risk aversion parameter

» minimizing total stage cost equivalent to maximizing (risk-penalized) net cash
taken from portfolio



Linear quadratic trading: Terminal cost

» terminal cost: gr(z) = —1"z + Irpz’, Ky >0

» this is net cash in if we close out (liquidate) final positions, with quadratic
transaction cost



Linear quadratic trading: DP

» value functions quadratic (including linear and constant terms):

1
ve(x) = E(xTPt:r +2¢ x4+ 1¢)

» we'll need formula
E(diag(p:) P diag(p:)) = P o X,
where o is Hadamard (element-wise) product

» optimal expected tail cost

Evet1(fe(x,u, pr)) = Evigr (diag(pe)z™)
= 1((") " Pig1 0 i + 2¢/,, diag(p,)z™ + ri41)



Linear quadratic trading: DP

» Pr =diag(kr), qr=-1,r7 =0

» recall vy (z) = min, E (g¢(z, u) + vit1(diag(pe)(z + u)))

» fort =T —1,...,0 we minimize over u to get optimal policy:
pe(z) = argmin, (u'(Sit1 + diag(ke))u + 2(Sip1z + si41 + 1) ")
= —(Si11 +diag(re)) " (Seq12 4 se41 4+ 1)
= Ktit + lt
where
St41 = Prp1 05 +9Q, St41 = Py O i+1

» using u = Kz + l; we then have

_1fz T Si+1(L + Ky) St4+1 + Sey1ls T
32—+1 F I Sei1 e + (se41 + 1)L 1



Linear quadratic trading: value iteration

» set Pr = diag(kr), gr = -1, r7 =0

» fort=T-1,...,0

K, = —(Se1+ diag(m))flstﬂ

le = —(Si41 +diag(re)) " (se1 + 1)
P = Sia(I+Ky)

g = Sty1+ Sepals

Tt Tet1 + (Se41 + l)Tlt

where
St+1 = Pig1 03¢ +vQ4, St+1 = P; O Qt+1

» optimal policy: p;(z) = Kix + 1t
> can write as pf (z) = Ki(z — 2f*"), 2™ = —K; 'l = =S} (st41 + 1)

> J* = Evo(mo)



Linear quadratic trading: Numerical instance

» n = 30 assets over 7' = 100 time-steps

» initial portfolio zg =0

» p,=p Xy=Xfort=0,...,T -1

> Qi = —7p fort=0,...,T—1

» asset returns log-normal, expected returns range over +3% per period
» asset return standard deviations range from 0.4% to 9.8%

» asset correlations range from —0.3 to 0.8



Linear quadratic trading: Numerical instance

» N = 100 Monte Carlo simulations
» J* =wo(zo) = —237.5 (Monte Carlo estimate: —238.4)

» exact (red), MC estimate (blue), and samples (gray); J* red dashed

> o gr(@r,ur)
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Linear quadratic trading: Numerical instance

we define x741 = 0, i.e., we close out the position during period T’
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