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Engr210a Lecture 16: H ., synthesis

e State-feedback problem

e KYP formulation

e Change of variables

e Synthesis theorem

e General problem formulation
e Change of variables

e Synthesis theorem

e Formal correspondence

e The H, problem
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Problem formulation State feedback problem
We have the following interconnection We are given the plant P
ye | < w t(t) = Azx(t) + Byw(t) + Bau(t)
. O 2(t) = Crx(t) + Duyw(t) + Dyou(t)
Controller
R Find a controller K of the form

u(t) = Dgx(t)
and would like to find K to solve

minimize |S(P, K)||

subject to The closed-loop is stable
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Closed-loop equations
We are given the plant P

©(t) = Ax(t) + Biw(t) + Bou(t)
Z(t) = 01£C<t) -+ DH’LU(t) + D12u<t)

and controller u = Dgx.

The closed-loop map from w to z is

Zbcl<t> — Aclxcl<t) - Bclw(t>
2(t) = Cux(t) + Daqw(t)

where

Ag=A+ ByDg By = DB
Cq=C1+ DDk Dy = Dy

Convenient form

Closed-loop parameters are affine in controller parameters:

ACZBCZ_ABl_'_OBQ 0
Cq Dg| |C1 D 0 Dio| |Dxk

S. Lall, Stanford. 2001.11.25.04
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The KYP lemma

The following are equivalent

e ||G|| <1and A is Hurwitz.

e [here exists X € R"*" such that

X >0 and [

Schur complement

A X +XA XB
B*X —1I

||

C*
D>l<

Applying the Schur complement gives the equivalent statement

e T[here exists X € R"*" such that

X >0

and

B*X
C

—1I
D

D*
—1I

A*X + XA XB C*

<0
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The KYP Lemma

The following are equivalent

o ||[S(P,K)|| <1and A, is Hurwitz.

e There exists X, € R™" such that

Az Xcl + XclAcl Xcchl :
Xcl > () and l B:ZXCZ 7 + ; |:Ccl Dcl] <0

Schur complement

Applying the Schur complement gives the equivalent statement

e There exists X, € R™" such that

(AN X+ XaAg XaBa Cf
Xqg>0 and By X -1 D
Ccl Dcl —1

<0




16 -6 H,, synthesis S. Lall, Stanford. 2001.11.25.04
Convexity

We would like to find Dy such that

_A:lXcl =+ XclAcl Xcchl C:l_
there exists X > 0 such that B X -1 D <0
i Ccl Dcl _]_
Acl Bcl _ A Bl 0 BQ 0
We know [Ccl Dcl] B [01 D11] - [O Dy | Dk’
Hence the above conditions are
(A + ByDg ) X+ Xu(A+ ByDy) XBy Cy + Di5Dy|
Xg>0 and BTX —1 D1y < 0
i Cf + DDy, 11 —1 |
Notes

o If we know X, then above inequality is affine in Dg. Hence it is an LMI and we
can find the controller.

e |f we know the controller parameter Dy, then the inequality is affine in X, and we
can compute the closed-loop norm.

e Both at once?
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Transformation

Let Yy = (X;')" and C, = DyYy.

Define

The following is an affine function of C), and Y.
A, By  |AYy B n 0 By 0
Cy Dy| |CiYy Dny 0 Diof |C),

Lemma

The following will be useful in transforming the KYP lemma
Av Bv L ij 0 XclAcl Xcchl l/cl 0
CU DU - O [ CCZ DCZ O ]

Proof

Substitute
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Synthesis theorem

The following are equivalent

e There exists a stabilizing state-feedback controller such that ||S(P, K)|| < 1

e There exists Y,; > 0 and (), such that

A*+ A, B, C]
B —I D*| <0

¢ D, -1

Notes
s Reea [0 B _[AYa Bi] [0 By [0
«alc, D,| T |C1Yy Dy 0 Di2| |Cy

e This is affine in Y,; and C,,.
e Hence the above inequalities are LMIs in these variables.

e Once we have found Y,; and C,,, we can find Dy from the formula

D =C.Y,"
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Proof

synthesis
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e A stabilizing controller which achieves ||S(P, K)|| < 1 exists iff

there exists X > 0 such that

B X,

-A:ZXCZ + XclAcl XCZBCZ

cl

-1 D

e This is equivalent to

there exists Y,; > 0 s.t.

Note invertibility of Y,; =

Ccl

Dcl

*

0
I
0
)

(ﬁ

e This inequality is equivalent to

where we have used

A, B
C, D

=1

A*+ A, B, C']
B* —I D
C, D, —I|

<0

Ccl D cl

Y; O _AilXcl + XclAcl Xcchl C;kl_
0 0 B:lXcl —1 D;kl
O [ Ccl DCl _]_

XclAcl Xcchl

|15

_[_

<0

o o X
O~ O
~N O O

<0
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Problem formulation

We have the following interconnection

Z 4— «— W

Yy < Uu

and would like to find K to solve

15(P, K)|

minimize

subject to

The closed-loop is stable

S. Lall, Stanford. 2001.11.25.04

State-space

We are given the plant P

P11 Pio
P p—
[Pm P22]

which is not necessarily stable.

In state-space
t(t) = Ax(t) + Biw(t) + Bou(t)
( ) ZL’(t) + an(t) + D12u<t)
< ) 02£E<t> -+ D21w<t> + DQQU(t)

Controller

Find a controller K of the form

tx(t) = Axa(t) + Bry(t)
u(t) = Cxa(t) + Dry(t)
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Controller order

e We start by assuming the controller has order nx > n.

e \We will find that any performance achievable by a controller of order nx > n is also
achievable by one of order n.

Assumption

e Direct feedthrough terms: Assume that Doy = 0; if Doy # 0 the same approach
works with a simple change of variables.

Closed-loop equations

The closed-loop map from w to z is

Zifcg<t) = Aclflicl<t> -+ Bdw(t)
2(t) = Cux(t) + Dyw(t)

Closed-loop parameters are affine in controller parameters:

[Al Bl] A0 By 0 B, | Ax Bl [0 T 0
aBal _ 10 0 ol 4l o [ ” ]
Ocl Dcl _Cl O Dll_ _O D12_ CK DK 02 O D21
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The KYP Lemma

The following are equivalent

o ||[S(P,K)|| <1and A, is Hurwitz.

e There exists X,; € ROTnx)x(n+nK) gych that

Alecl+XclAcl Xcchl] + [ .

X >0 and B X, 7

Schur complement

Applying the Schur complement gives the equivalent statement

e There exists X,; € ROTnx)x(n+nK) gych that

(AN X+ XaAg XaBa Cf
Xg>0 and By X -1 D
Ccl Dcl —1

<0
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Convexity

We would like to find Ax, B, Ck, D such that

(A X+ XgAg XqBa C%
there exists X; > 0 such that B X -1 D’ <0
i Ccl Dcl _]_
We know
[AdBd]: Aol B e [AKBK][O I 0]
Ca Dy ¢, 0 Dy| |0 Dy Crx Di| |Cy 0 Dy

Notes

e If we know X, then above inequality is affine in Ax, Br,Ck, Dk, hence it is an
LMI and we can find the controller.

e If we know the controller Ax, By, Ck, Dk, then the inequality is affine in X, and
we can compute the closed-loop norm.

e Both at once?
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Transformation formulae

Given X and Ay, B, Ck, D define the following new variables

e Define X, Xy and Y, Y5 by

[x X LY v
Xcl — [X; Xg] Xcl — [Y'Q* YE%]

e Define A, B,,,C,,, D, by
[An Bn] _ [XQ X32] [AK BK] [5/2 0] N [XAY 0]
C, D, 0 I Cx Di| |CoY 1 0 0
e Define Y, by v o7
Yo = [YQ* O]
Notes
e X, >0implies X >0and Y > 0.

e Dimensions: X,Y € R, X,. Y, € R™"k and Y,; € R("Hnx)x2n,

o We will write the KYP LMI for the closed-loop in terms of X, Y. A,,. B,,,C,,, D,
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Transformation lemma

Given X,Y € R™ " such that [3; )[(] > (), then

1
| X X Y Y
nxn —
e There exist Xy, X3, Y5, Y3 € R"*" such that [X; XJ N [Y; Yg]

o Let X, and Y, be as above. Then X, > 0 and Y,; has full column rank.

Proof
Y [

e Since [[ b%
e We need to find X, and Y5 such that

X0V =1— XY

] > 0, we have I — XY is nonsingular.

Here X5 and Y5 can be chosen square and nonsingular. (e.g. choose Y5 = I.)

e Then X, is uniquely determined, since

Y Y] [X Xo] [I 0 :>X_YY2_1[O
I 0| |X5 X531 |X Xy 10 X X,

Y I
Yy 0

e Y, has full column rank, since Y5 is nonsingular, and Y,; = [
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Converse transformation lemma

Given X > 0 such that X5 has full row rank. Then

.YI>O
I X

e Y, has full column rank.

Proof
o (Clearly [)I( )(()2] has full row rank.
e Note that [}[/ }(;2] [))é §§] = )]( )82] and hence
el - 5]

has full column rank.

° [}I/ )[(] = Y ; XY, which is positive definite since Y;; has full column rank.
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Definitions

A, B, AV A B 0 B A, B, [T 0 0
C D= 0 XA XBy|+1|I 0 C D 00y D
v v _ClY Cl Dll_ _O D12_ n n 2 21
Y I
Ko = I X]
Lemma
A, B, Y*¥ 0| | X444 XaBal Yy O .
[Cv DU] - [6l ]] [ écl l lécl l] [Ol ]] and XU :YVCZXCZYVCZ
Proof: Use the following previous definitions
Y [
® Y;l — [3/2* O]
A, By A0 B 0 B Ax Bl [0 I 0
° o 00 0|+ O Co D Co 0D
Cl Cl _Cl O Dll_ _O D12_ K K 2 21

. |40 Bu| _ [Xo XBo [Ax Bg Yy 0] L [XAY 0
Co Do |0 I ||Ck Dg||CY I 0 0
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Theorem

There exists a stabilizing controller K such that
ISP, K)|| <1
if and only if there exists X,Y, A,,, B,,, C,,, D,, satisfying the LMIs

A*+ A, B, C*]
X, >0 and By -1 D;| <0
C, D, —I

Notes
e The above inequality is affine, and hence an LMI, in X, Y A,. B,,,C,, D,

e Once we have found X,Y, A,,, B,,,C,, D,, we can find X5, Y5 from
XY =1—-XY

and hence find the controller using
Ag Bi] _[Xy XB)] ™ ([A, B, [xay o]\ [Ysy 0]
Cx Dx| — |0 I C, D, 0 0|) |Gy T

e We can always find a controller of dimension n, since X5 can be chosen to be n x n.
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Proof (only if)

Suppose there exists X and Ag, By, C, Dy satisfying

X >0 and

then since the set of such X, is open, we can perturb X, so that X, = [

B X,
Ocl

_A:lXcl + XclAcl XclBCl C:l_

Dcl

satisfies the above inequalities with X5 having full row rank.

S. Lall, Stanford. 2001.11.25.04

<0

X X,
X: X;

Then according to the converse transformation lemma, Y,; has full column rank, and hence

Y500
§/C7Xclycl > () and 0 10
|0 0 1]
These inequalities are
X, >0 and

| o [A B Yo
since we Know CU DU = 0 I

BaXa
Ccl

A*+ A, B, C*]

B,

A X+ XgAg XaBa C%] [Yq 0 0]
1 D5l |o 10
Dy —I| |0 01
I D*| <0
D, —]_

Cy

X cl Acl X cl B
Ccl

Dcl

|57

<0
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Proof (if)

Suppose there exist X and Y such that

X, >0

a

nd

B,
Cy

"A*+ A, B, C

—1
D,

D,
_]_

<

0

S. Lall, Stanford. 2001.11.25.04

Then, from the transformation lemma, we can construct X, > 0 and Y, with full row

rank which

satisfy

Y XYy >0

hence

Xcl

and

> ()

Yo
0
0

O~ O
N O O

and

for AK, BK, CK, DK defined by

|

AK BK
Cx Dk

|-|

Xo X DBy
0 I

|l

By X

Ccl

B:zXcl

Ccl

A, B,
C, D,

-]

—1
Dcl

(AN X+ XaAa XaBa C3)

XAY 0
0 0

AN X+ XgAaq XaBa CY]

Yo
D, 0
—1 1L 0
D%l <0
—1

)l

Yy 0
LYY [

O~ O
~N O O

-

<0
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Formal correspondence

Compare the KYP LMls

_A:lXcl + XclAcl XclBCl C:l_
Xg >0 and B X -1 D,
Ocl Dcl —1

<0

with the H,, synthesis LMls

A*+ A, B, C*]
X, >0 and By -1 D;| <0
C, D, —I
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Optimizing the induced-norm

The following problem
minimize HE(P, K)H

subject to The closed-loop is stable
is equivalent to the LMI problem
minimize Y
subject to Xy, >0

A*+A, B, CF
B —+I D | <0
C, D, —~I

Notes

e No bisection search necessary.

e The LMl variables are v, X, Y, A,, B,,, C,,, D,,.
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The H, problem

Given the LTI system
©(t) = Ax(t) + Bw(t)  x(0)=0
2(t) = Cx(t) + Dw(t)

The Hs norm of (G is defined as

1 [~ A .
1G5 = —/ Trace(G*(jw)G(jw)) dw

2T J_ o

where

AN

G(jw) = C(jwl — A)'B+ D

S. Lall, Stanford. 2001.11.25.04
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H, analysis

The following are equivalent

o ||G]l2<n

e there exist X and Z such that

A*X + XA XB] <0 [X C

D=0 [ B'X -7l C 7z

] > 0, Trace(Z) < v

H, synthesis
There exists a stabilizing controller K such that
15(P, K)ll2 <~
if and only if there exist Z, X, Y, A,,, B,,, C,,, D,, satisfying the LMls

Af 4+ A, BU] [XU C
<0,

Dy =0, [ A C, Z

] > (), Trace(Z) < v



