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Engr210a Lecture 18: The structured singular value

e Structure specifications

e LTI uncertainty

e Parametric uncertainty

e The structured singular value

e Upper and lower bounds

e T[he matrix structured singular value

e Computation
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Structure specifications

\ 4
>

Define the set
CA = {diag(Al, VAV ERVAVES E(L2)}

The set CA is called a structure specification.

Notes

e CA is a convex cone.
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Linear time-invariant uncertainty

One common structure specification is
CAp = {A — diag(Ar, ..., Ag) ;A€ L(Lo), A is LTI}

The commutant set is

Ot = {@ e L(Ly) ; © is nonsingular and LTI, O(s) = diag(él(s)[, e éd(s)])}

Interpretation

e A is linear time-invariant uncertainty.

e A represents unmodeled dynamics. Examples include

e model reduction
e modeling assumptions; e.g. rigidity in a structure

e spatial discretization of continuum mechanics

e Commutant contains only LTI operators, since the delay is in CAy.
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Parametric uncertainty

Consider the set of matrices

CA = {A = diag (81 Ly, -2 OsIp, Dgity - Dgiy) - G EC, Ay € @ka}

Interpretation

e s = no. of scalar blocks
f = no. of full blocks

e A represents unknown parameters in the system.

Perturbation notation
CA. = {A — diag (611, -+ sl Agat - Ayig) - 0 €T, Ay € @mkxmk}
A= {AeCay; a] <1}
Commutant notation
O, = {diag(@l, o, 04,041, ... ,93+f[) nonsingular ; ©, € C"**™k @, € (C}
PO, — {@ cO.;. 0=6" 0> o}
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The structured singular value

Define the following function
1

inf{HAH . Ae CA, I —MA'is singular}

M(M> A) —

Interpretation

1
inf{norm of destabilizing perturbations in CA}

o uW(M,A)=
e (M, A) depends on the operator M and the structure specification CA.

Properties
o ulaM,A) = |a|u(M,A) for all a« € C.

e For general structure specifications A, p(M, A) is not a norm on M, since it does
not satisfy the triangle inequality.



18 -6  The structured singular value S. Lall, Stanford. 2001.12.03.03

Stability
v, A <« d, I —_M —1
Z=|_A 1
(= MA)_1 M([—A]W)_1
q M " (I — AM)_1 (I — A]W)_1
Definitions

o If A, M are state-space systems, then the loop is called internally-stable if the states
tend to zero.

o If A, M € RH., then the loop is called input-output stable if Z € RH ..
This is equivalent to internal stability for stabilizable and detectable M, A.

o If A M € L(L5) then the loop is called well-connected if Z € L(L>).
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The structured singular value

Suppose CA C L(Ls) is a convex cone. Define
1

inf{HAH ; Ae CA, I —MA'is singular}

(M, A) =

Recall the norm-bounded perturbation set

A:{AGCA; \|AH§1}

Robust well-connectedness

Sufficient condition

u(M,A) <1 — I — M A is nonsingular for all A € A

Necessary condition

u(M,A) <1 — I — M A is nonsingular for all A € A
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One scalar uncertainty block
Consider the uncertainty ball

Ascalar — {5] ; )€ (C, ‘(5| < 1}
We have

1

M(M, AscaIar) —
inf{|5] ,0eC, I—Mjis singular}

= Sup{\5_1| - §5e€C, 6 U —Mis singular}
= Sup{\)\\ - ANeC, X[ —Mis singular}
= p(M)

For uncertainty with one scalar uncertainty block, the structure singular value is equal to
the spectral radius.
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One full uncertainty block

Consider the uncertainty ball

Agy = {A A e L(Ly), [A] < 1}

We have
1

inf{HAH - A e CAgqy, I —MA'is singular}

(M, Aq) =

= Sup{HAH_1 A€ L(Ly), I —MA'is singular}
= [[M]]

For uncertainty with one full uncertainty block, the structure singular value is equal to the
operator norm.

General uncertainty

e For any uncertainty specification, Agar € A C Agy.

e Hence p(M) < p(M, A) < [[M].
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An upper-bound for the structured singular value
Commutant property

For any A € A, we have
OA = AO forall ©® € ®

Hence, as before

I — MA is invertible <= I —OMO'A is invertible

Hence, for any © € O,
u(M, A) = (@M, A)

An upper bound for u

W(M,A) < inf{u(@M@_l, A): O¢ @}
< inf{||@M@-1H L 0c @}
Hence (M, A) < 1if

there exists © € PO such that M*OM — © < 0
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The matrix structured singular value

Let M € C"™*™ and A C C™*"_ Also

CAsr=1A= diag(51[m1v ey Osdmg, Dgiy - - 7A8+f) 0, € C, A € kaxmk}

{
Ag={AeCA; ] <1}
{

O.r = {diag(01,....0,.0011, ... 0, p]) ; Op € T, f; € C}

Bounds on p
(M, Ags) < 1if and only if
there does not exist A € Ags such that I — MA is singular
which holds if and only if
there does not exist A € Agfand ¢ € C" such that MAq = ¢
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The matrix structured singular value

CAye={A=diag(di;, -, 0Ly Dty Aig) 6 € C, Ay € Cme

(M, Ags) < 1if and only if
there does not exist A € Agsand ¢ € C" such that MAq = q

which holds if and only if
there does not exist A € Ags and p,q € C" such that p = Mgq

q=Ap
Partition
(6,1 | [ M, | [ g1 | [ p1 |
) M q D
A — 5 M — § — 8 — S
As+1 M1 d (s+1 b Ps+1
I Aw | My | Gt f | st/ |
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The matrix structured singular value
Now g = Ap if and only if

qk:(Skpk fOI’kZl,...,S

qgr = Agppfork=s+1,...,s+ f
Theorem

Given ¢, p € C™, there exists a matrix A € C™*" with ||A|| <1 such that

q = Ap
if and only if p*p — q¢*q > 0.

Proof

e only if: easy.

*

qp
p*p

o /f- Choose A = . Then

et lletall
A7 = |AAY]| = = = 7=
lp*pll  |lp*p||
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Theorem
Given ¢, p € C™, there exists § € C with |0| < 1 such that
q = op
if and only if pp* — qq* > 0.
Proof
e only if: pp* —qq* = pp*(1 —[6]*) > 0
o if: If pp* — qq* > 0, then ker(p*) C ker(q*).

Hence image(p) D image(q).
Hence there exists 0 € C such that

q = 0p
Then since pp* — gg* > 0, we have pp*(1 — |d]?) > 0 which implies |§] < 1.
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The matrix structured singular value
We have p(M, Agf) < 1 if and only if
there does not exist A € Ags and p,q € C" such that

q. = oppr fork=1,...,s
q. = Nppr. fork=s+1,...,s+ f

Hence (M, Ags) < 1 if and only if
there does not exist p, ¢ € C" such that p, = M;.q; and

pkpz—qquZO fork=1,...,s
Pipr—qiqr >0 fork=s+1,...,s+f
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The matrix structured singular value
We have p(M, Agf) < 1 if and only if
there does not exist ¢ € C" such that

Myqq™ M}, — qrq;, > 0 fork=1,....,s
q M; Mrg — qiqr > 0 fork=s+1,...,s+ f

Define the functions

$r(q) = Mrgq™ My — arg;,
or(q) = ¢" M Mg — qrqx

and

(I)<Q) — (®1(Q>7 IR (I)S<Q>7 gbs+1<Q>a SR ¢S—|—f<Q))

Then @ : R" — V where
V=H" x...x H" x R/

S. Lall, Stanford. 2001.12.03.03
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The matrix structured singular value

We have p(M, Agf) < 1 if and only if
there does not exist ¢ € C" such that ®(¢q) > 0

Notes

e The positive cone in V is
Hs'f:{YEV; YZO}

{Y(Rl,...,RS,TS+1,...,TS+JC) R >0fork=1,...,s }

rp, >0fork=s+1,...,s+ f

o Let V ¢ = image(P).
e Then u(M,Ags) < 1if and only if
vs,f M Hs,f — @
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The matrix structured singular value

(M, Ags) < 1if and only if
vs,f M Hs,f =0

How to test if two sets are disjoint? A sufficient condition is that there exists a separating
hyperplane. If the two sets are convex, this test is also necessary.
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The matrix structured singular value

Recall
V=Hm"x ... x H™ x R/

and the positive cone in V is

Im:{YQV;YEO}

Y = (Rl,...,RS,r5+1,.. frsﬂe) R, >0fork=1,.
TkZOfOFkZS—I—l,...,S—l—f

The inner product in V is

s+f

ZTI‘&CG YkRK —1— Z YrTk

k=s+1



18 - 20  The structured singular value S. Lall, Stanford. 2001.12.03.03

The matrix structured singular value
We have p(M, Agf) < 1 if and only if

VssNIlge =10
The positive cone satisfies

Y € Ilg¢ — (Y,R) >0 for all R € Tlgs

Let © = (O1,...,0,,0,,1,... ,054¢). Then a separating hyperplane, defined by O, exists
if and only if

(0,Y) <0 forall Y € Vs

This condition is
s+f

ZTrace(@k(quq*Mg — qqu)) + Z Or(q" M Mirq — qrqr) <0 for all © € Vg
k=1 k=s+1

Rearrangement of this inequality shows that it is equivalent to
M*OM — 6 <0
for © = diag(O1, ..., 04,0541, ...,051 7).
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Summary

A\

st

Y

o u(M,Agf) < 1if and only if
vs,f M Hs,f — @

e There exists a separating hyperplane if and only if there exists © € O such that

M*OM — 06 <0

e Hence this condition is necessary and sufficient for robust well-connectedness when
V¢ is convex.

e Otherwise, it is only a sufficient condition.



