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Abstract

In this paper, controller synthesis algorithms are devel-
oped for decentralized control problems. The distributed
systems considered here are represented by graphs, which
impose sparsity constraints on the set of allowable con-
trollers. A spectral factorization approach is used to
construct the optimal decentralized controllers. Explicit
state-space solutions are provided for this class of sys-
tems, which establishes the order for the optimal policies.
In addition, this work provides an intuitive understand-
ing of the optimal solution. In particular, the standard
separation principle does not hold for these decentralized
problems, and the controllers must do more than simply
estimate their states.

I Introduction

Decentralized control problems, consisting of multiple
subsystems interacting over a network with limited com-
munication, have seen rapidly growing interest in recent
years. While centralized control algorithms are now well-
understood, decentralized control has a much less com-
plete theory, and many important practical problems re-
quire a decentralized approach. The simplest example
is formation flight for teams of vehicles, where each ve-
hicle has its own local controllers. While small teams
may allow for complete communication between subsys-
tems, so that centralized policies may be utilized, this
approach does not scale well to larger teams. Moreover,
large spatially distributed automated systems, such as
the internet or power grid, can make complete commu-
nication infeasible. Additionally, wireless networks may
be naturally decentralized if communication interference
precludes the ability to efficiently transmit information
between subsystems.

Unfortunately, it has been shown that finding opti-
mal control policies for decentralized systems is, for cer-
tain specific formulations, a computationally intractable
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problem [1]. Moreover, for many decentralized problems,
linear control policies may be strictly suboptimal com-
pared to nonlinear policies, even when the underlying
system dynamics are linear and time-invariant. This was
beautifully illustrated in the well-known Witsenhausen
counterexample [2].

A general formulation capturing many decentralized
control problems is

minimize | P11 + PiakKC(I — Pook) ™' Poy|
subject to K stabilizing (1)
KeS

where P;; are transfer functions representing the dynam-
ics of the overall system and K is a block matrix trans-
fer function, each of whose blocks is a local controller.
The set S imposes the decentralization constraints on
the controller. This set might typically impose sparsity
constraints on K in order to achieve a controller C which
represents a decentralized set of individual controllers.

In general, the optimization problem (1) poses a num-
ber of difficulties. First, the question of stabilization
needs to be answered. In the centralized problem, the
stabilizability of a system is equivalent to the system dy-
namics being stabilizable and detectable. This can be
easily checked and leads to a simple expression for the
set of stabilizing controllers. However, for decentralized
systems, there may exist fized modes in the system which
can make characterizing the set of stabilizing controllers
much more difficult [3].

Additionally, the objective function involves a linear
fractional transformation on K, which is non-convex.
This is typically overcome by a Youla parametrization
@ = h(K), which transforms the objective to an affine
function in the Youla parameter ). However, this sim-
ply pushes the non-convexity to the decentralization con-
straint, since we now require @ € h(S).

As a consequence of these issues, much of the research
in decentralized control has been aimed at classifying
those systems for which the above issues can be miti-
gated and the resulting optimization problem becomes
tractable [4-6]. Omne of the most well-known classes of
problems is called partially nested [7]. Basically, this
class requires that system ¢ communicates with system
j if the dynamics of system ¢ can influence the dynam-
ics of system j. More recently, these results have been



unified and generalized with the concept of quadratic in-
variance [8]. In short, a quadratically invariant system
allows the decentralization constraint to be expressed as
Q € h(S) = S, so that the system is once again convex.

In this paper, we consider decentralized systems with a
type of partially nested structure. We assume that there
are no communication delays, unlimited bandwidth, and
that each subsystem can measure its entire state. Thus,
the set S represents sparsity constraints on the overall
controller. It has been shown that these systems admit
convex representations [9]. Similar results have been ob-
tained using a poset-based framework in [10], and in [11],
in which a construction for the optimal individual con-
trollers are included.

While convexity is certainly desired for these systems,
the optimization problem is still infinite-dimensional,
since we are searching over the set of transfer functions.
Consequently, a standard approximation would be via a
finite set of basis functions for the impulse response of
the Youla parameter [12]. This is in contrast to the cen-
tralized case for which explicit state-space solutions can
be analytically constructed. Consequently, our focus in
this paper is the explicit state-space controller synthe-
sis for these decentralized problems. Such formulae offer
the practical advantages of computational reliability and
simplicity, as well as provide understanding and interpre-
tation of the controller structure. Also, it establishes the
order of the optimal controller for this system, which is
an open problem for general decentralized systems, even
in the simplest cases.

I-A  Prior Work

This work follows a series of papers on decentralized con-
troller synthesis. As two-player systems are the simplest
decentralized problems, most results focus on these sys-
tems. As a result, the two-player, finite-horizon, state-
feedback Ha case was solved in [13]. The infinite-horizon
version was then provided in [14]. The generalization to a
partial output feedback structure has now been presented
in [15]. The results in all of the above demonstrated a
separation of the optimal controller into a controller and
an estimator. This work represents the natural extension
of the two-player, state-feedback case to general networks
which are tractable, as discussed above. This body of
work can also be found in [16].

For controller synthesis, there are basically three dif-
ferent approaches. The approach used herein is based on
spectral factorization; namely, the optimization problem
is found by solving an equivalent optimality condition.
Solving this optimality condition, as will be shown, in-
volves decoupling an equation based on the spectrum of
its operators. The basic approach has been suggested,
but not implemented in [17]. For the Hy problem con-
sidered here, an analytic solution could also be obtained
by first vectorizing the objective function. However, this

approach greatly increases the state dimension of the sys-
tem, and does not scale well with an increase of subsys-
tems.

Another approach to controller synthesis is via dy-
namic programming. Again, for the two-player prob-
lem of our previous work, a dynamic programming ap-
proach was provided in [18]. This approach utilized an
augmented state-space in order to achieve the recursive
structure needed for this approach. Another approach
was taken for the continuous-time two-player problem
in [19], which achieved analogous results to [14]. For
more general decentralized systems, a suboptimal ap-
proach has been proposed in [20]. In short, this method
simply neglected terms which prevented the recursive al-
gorithm from working.

Finally, the method of semi-definite programming
(SDP) has seen some results in this area. For the Ha
problem considered here, an SDP approach has been pre-
sented in [21]. In cases where the dynamics of the subsys-
tems are decoupled, the results in [22] provide a solution
for the output feedback problem. For the H., version
of these types of problems, [23] provides necessary and
sufficient conditions to find the optimal controller. In ad-
dition, [24] provides some sufficient conditions for gen-
eral networks. However, though these SDP approaches
are finite-dimensional, none of them provide analytic so-
lutions, and thus cannot provide information about the
order of the optimal controllers or any intuition about
the estimation structure.

Most recently, the result in [25] provides a solution sim-
ilar to those achieved here. The approach taken therein
is based on the decoupling scheme seen in [13,14], and a
similar approach is taken in this paper. While the results
are basically the same seen here, the work in this paper
focuses on the spectral factorization results required to
achieve the solution. Additionally, the estimation struc-
ture is detailed in this work, which provides significant
intuition to the optimal policies.

I-B Outline

This paper is organized as follows. Section II establishes
some preliminary notation that will be used through-
out the paper. In Section III, we provide some basic
analysis results which detail the class of problems that
are solved herein. The optimal controller solution for
these problems is provided in Section IV. Following the
statement of the main results, the following sections pro-
vide the derivations for these results. This development
takes the following steps. Section V derives the opti-
mality conditions for our decentralized control problems.
In Section VI, these conditions are solved via a spectral
factorization approach. Having established the optimal
controller for our problem, some further intuition to this
result is provided in Section VII. Namely, we show that
the optimal control laws have a specific estimation struc-
ture, which does not follow the standard separation prin-



ciple. Finally, some examples which utilize these results
are provided in Section VIII.

IT Preliminaries

II-A  Graph Notation.

We represent a directed graph G by the set of IV vertices
V = {vy,...,vy} and the set of directed edges £ C Vx V.
There is a directed edge from vertex v; to vertex v; if
(vi,v) € E. We assume that G has no self-loops; that is,
(vi,v;) & &€ for all vertices v; € V.

Figure 1: Directed Graph Examples

For a directed graph G = (V,€), we define the tran-
sitive closure of the graph, the set of all paths, as the
matrix MY, where ij = 1 if there exists a directed
path from vertex j to vertex ¢, or i = 7, and Mlg] =0
otherwise.

For each vertex ¢ € V, we define the set of its ancestors
ia, and the set of its descendants ip as

ia={jeV|IM{#0} ip={jeV|M#0}
In other words, j € ia if and only if there exists a directed
path from j to ¢, or ¢ = j. Similarly, j € ip if and only if
a directed path exists from ¢ to j, or ¢ = j. Note that we
always have i € ip and ¢ € ip. Consequently, we define
i’y and i by removing ¢ from these sets, so that

ia=ia\{i} ip=ip\{i}

To illustrate this notation, consider the example in Fig-
ure 1(b). Using these definitions, the following sets would
be defined

15 ={1} 1p=V

1y =0 15 = {2,3,4,5)
24 =34 =4s = {1,2,3,4) 5a=V
20 = 3p = 4p = {2,3,4,5)  5p = {5}

II-B Sparsity Structures.

Since we will be dealing with systems represented by di-
rected graphs, we will need to deal with matrices that

satisfy certain sparsity constraints. For any m x n ma-
trix A and ring R, the set of (block) matrices in R™*"
with a similar sparsity structure to A is defined by

Sparse(A; R) = {B € R™*" | Bj; = 0 if A;; =0}

Typically, R is the ring of reals or the ring of stable trans-
fer functions. Note that, by design, there is flexibility
built into this notation. In particular, Sparse(4; R) does
not explicitly define the size of the individual (block) ele-
ments. For instance, if A is a matrix with scalar elements,
Sparse(A4; R) may include matrices with block elements
of arbitrary size; the size of the block elements will be
implied by the context.

For (block) matrices indexed by V x V, it will be con-
venient to define (block) submatrices based on subsets of
V. To this end, if M is an N x N block matrix, then
for any sets S,T C V, we construct the |S| x |T'| subma-
trix Mgr by eliminating the rows of M not in S and the
columns of M not in T. Note that this is simply a gen-
eralized notation for the standard indexing of individual
elements M;; of a matrix. Also, in cases where S = T,
we let Mg = Mgg. This notational convention similarly
applies to constructing subvectors from vectors indexed
by V.

Lastly, the notation diag(F;) will be used to denote
elements of Sparse(I; R) (block diagonal matrices with
diagonal blocks Fi,..., Fn).

To help illustrate some of this notation, consider the
graph in Figure 1(a). For this system, the following ma-
trices may be defined.

1 0 A 0
MY = [1 J [A211 AJ € Sparse(MY; R)

A
Ay, = [A;l] Asy = Ay

Again, the sizes of the blocks of A are not being specified;
in fact, another matrix B € Sparse(MY;R) might have
block elements which differ in dimension from those of
A.

II-C Hardy Spaces.

The real and complex numbers are denoted by R and
C, respectively. The complex open unit disc is D, and
its boundary, the unit circle, is T. As is standard, the
set Lo(T) is the Hilbert space of Lebesgue measurable
functions on T, which are square integrable, and Ho de-
notes the Hardy space of functions analytic outside the
closed unit disc, and at infinity, with square-summable
power series. The set H3 is the orthogonal complement
of Ho in Ly. Also, L(T) denotes the set of Lebesgue
measurable functions bounded on T. Similarly, H., is
the subspace of L, with functions analytic outside of T,
and H_ is the subspace of L, with functions analytic
inside T.



The set RP denotes the set of proper real rational
functions, and the prefix R then indicates a subset of
RP. That is, both RHs and RH, represent the set
of rational functions with poles in D; we will use these
spaces interchangeably.

The following useful facts about these sets will be used
throughout this paper [26]:

e if G € L, then GLy C Lo
o if G € Hy, then GHo C Ho
o if G € H, then GHy C Hy

For transfer functions F' € RP, we use the notation

A| B
C|D
Its adjoint operator, denoted F*, is F* = BT (2711 —

ATY=1CT + DT, For the set S = Sparse(MY; RH,), its
orthogonal complement S+ is given by

=C(z:I-A)"'B+D

Gij € Hy it MJ #0
Gest & e /

Gij € Lo if Mzg] =0
Lastly, we define Py, : L2 — Ho as the orthogonal pro-
jection onto Hs.

II-D Networked System.

Our problem setup is as follows. Each vertex in V rep-
resents a separate plant with corresponding controller.
In reality, a networked system consists of two underly-
ing graph structures: a graph G = (V, &) determin-
ing the dynamic coupling of the plants, and a graph
GK = (V,£F) indicating the allowable communication
channels of the controllers.

For general graph structures G* and G¥ , decentralized
control is currently intractable. Thus, for our work here,
we must restrict attention to a class of decentralized sys-
tems for which we can find solutions. Specifically, the
graph of the plant G must be contained in the transi-
tive closure of G¥'; more commonly, this is referred to as
a partially nested structure. Consequently, for simplic-
ity we assume throughout the paper that MI" = /\/ng,
and we will henceforth drop the superscripts P and K.

For each subsystem ¢ € V, the state x;(t) € R™ evolves
according to

where u;(t) € R™ are control inputs and w; () € R™ are
exogenous, independent noise inputs to the systems with
zero mean and unit covariance. As a result, the overall
discrete time state-space system is given by

z(t+1) = Az(t) + Bu(t) + Hw(t) (3)

J:N(t)T]T and similarly for
Moreover, the block matrices A, B, and

where x(t) = [z1(¢)"
u(t) and w(t).
H satisfy

A € Sparse(MY;R) B € Sparse(MY;R)

and H is block diagonal. We will assume that H is also
invertible; note that this simply implies that no com-
ponent of the state evolves noise-free. This assumption
merely simplifies our presentation, while not fundamen-
tally affecting our results.

Our goal is to minimize the expected cost

lim
T— o0

1 < 2
) ;EHCz(t) + Du(t)||,

To this end, we define the vector

Z(t) = [Cl CN] l’(t) + [Dl DN] u(t)

where, for simplicity, we will assume that DT D > 0; this
is a fairly standard assumption in optimal control, and
it implies that every control action will incur some cost
to the system. Note that no sparsity constraints are as-
sumed for C or D, so this formulation allows for coupling
of all states and actions in the cost. Consequently, our
plant is expressed as the matrix P € RP, where

P P A|H B
=t 2 Y adP=|clo D | @
x Py Pol |u

I10 O

State feedback is assumed throughout. Additionally,
no communication delays or bandwidth restrictions will
be assumed, so that player ¢ makes decision u; based on
the history of z;’s, for each j which is an ancestor of
vertex ¢ in G. As a result, we are looking for controllers
of the form

g(t+1)= AK,-Qz‘(t) + BKi-riA(t)

ui(t) = Ok, ¢i(t) + D, wix (1)

for each ¢ € V. Equivalently, we want a transfer function
K € Sparse(M9; RP), such that u = Kz. Figure 2 illus-
trates the overall feedback system, with the plant P given

by equation (4) and the controller K € Sparse(M9; RP).
A basic requirement for any controller K is that it is in-

(5)

z w
P

Figure 2: Overall Feedback System

ternally stabilizing; this means that the plant and con-
troller states z(t), ¢;(t) — 0 as t — oco. Since we will deal
with state-space realizations throughout this work, we
will formalize stability in the following standard sense.



Definition 1. Given the plant P in (4), the controller
K € Sparse(MY; RP) is internally stabilizing if it has a
realization (A, Bk, Ck, Dk) such that

_ [A+BDx BCk
Acl - BK AK (6)

has all eigenvalues contained in D.

Note that this definition is dependent on the particu-
lar realization for P. In all cases of interest we will have
(A, B) stabilizable, and in this case the realization de-
pendence goes away. Then K is internally stabilizing if
and only if

-K

I -1
[—Pzz I} € RHoo

and so internal stability is equivalent to closed-loop
input-output stability under this assumption.

Lastly, we define F(P, K) as the linear fractional trans-
formation

F(P,K) = Py1 + PioK(I — PyoK) "' Py

Consequently, our objective function is the Hs norm of

the closed-loop transfer function from w to z. In other

words, we have the following optimization problem.
minimize | F(P, )2

K is internally stabilizing (7)

K € Sparse(MY; RP)

subject to

IITI Analysis

Before trying to find the optimal controllers, we state
some results that will help to simplify our approach. The
first of these results discusses the particular graph struc-
tures that will be considered in this paper. In Section III-
B, we address the conditions required for a stabilizing
solution to exist. Lastly, algebraic Riccati equations are
considered in Section III-C.

ITII-A  Graph Structures

As noted above, we have restricted attention to graph
structures satisfying M9” = M9, This is motivated
by the following result, which was shown in [11,16].

Lemma 2. Suppose G& and G¥ are directed graphs. Let
Pys be defined as in (4). Then,

{K(I — PyK) | K € Sparse(M9" ;RP)}
= Sparse(MgK; RP)

if and only if Py € Sparse(MgK;RP).

Lemma 2 provides a classification for the graph struc-
tures that correspond to tractable decentralized control
problems; those for which Py € Sparse(MgK;RP).
Hence, the work presented here is aimed at solving this
class of problems.

The next result concerns graphs containing directed
cycles. To this end, for each i € V, let

Ci =ia Nip

It is clear that the graph has a directed cycle containing
vertex ¢ € V if and only if C; # {i}; we note that i € C;
for all i € V. Consequently, we will say that a directed
graph is acyclic if C; = {i} for all i € V. Some addi-
tional properties of cycles are considered in the following
lemma. We omit the proofs, which follow directly from
the definitions.

Lemma 3. Foralli,j € V, the following properties hold:
i) i € C; if and only if j € C;

it) i € ja if and only if i € ka for allk €C;

iii) i € jp if and only if i € kp for all k € C;

From Lemma 3, the C; form equivalence classes on V,
where ¢ ~ j if ¢ € C;. As such, these cycles generate a
unique partition of V. In other words, given a graph with
cycles, we can group the cycles together as single entities;
that is, considering the graph (Vyew, Enew) Whose vertices
are the directed cycles of the original graph.

Vaew = {Ci | 1 € V}
5new = {(CZ7CJ) | Cl 7é Cj
and Jz € C;,y € C; with (x,y) € £}

Note that this equivalent graph is acyclic. Finally, given
a controller K satisfying the sparsity constraints of this
acyclic graph, we must be able to construct the individual
control laws for the original graph. The details of this last
step may be found [11]. In short, one may think of the
individual controllers as rows of the controller K. Thus,
we can assume, without loss of generality, that our graph
is acyclic, and we will assume this for the remainder of
the paper.

ITI-B Stabilization

As noted above, we are considering decentralized systems
represented by directed acyclic graphs and state feed-
back. Under these assumptions, we must first establish
when stabilization of the plant in (4) is possible. The fol-
lowing lemma provides the necessary and sufficient con-
ditions for the existence of a stabilizing controller.

Lemma 4. Suppose G is a directed acyclic graph. There
exists a controller K € Sparse(MY; RP) which internally
stabilizes P in (4) if and only if (A;, B;) is stabilizable
forallieV.



Proof Since G is acyclic, it is straightforward to show
that there exists a numbering for the vertices in V such
that MY is lower triangular; see [16] for a proof. Conse-
quently, we assume that the vertices are ordered in this
fashion. With this in mind, we now prove the lemma.

(=) If (A;, B;) is stabilizable for all ¢ € V, then there
exist matrices F; such that A; + B;F; is stable. Con-
sequently, the controller K = F = diag(F;) produces
the closed-loop matrix A, of (6), given by A + BF.
Since A, B, F € Sparse(MY; R), it follows that A+BF €
Sparse(MY;R). Thus, A + BF is lower triangular, with
diagonal entries equal to A; + B; F;, for all i € V. Since
every A; + B;F; is stable, then the closed-loop system is
stable.

(<) Suppose that (A4;, B;) is not stabilizable, for some
1 € V. Then, there exists a transformation U; such that

vta, = | 0 U = |°
¢ az1 a2 ¢ by

where the a;; block has at least one unstable eigen-
value. Now, suppose K € Sparse(MY;RP) has the
realization (Ag,Bk,Ck,Dk). Consequently, the A
matrix of (6) must then have each of its four blocks
in Sparse(MY; RP). Since each of these blocks are lower
triangular, we can permute the indices to get a new lower
triangular matrix, with diagonal blocks equal to

Aj + B;Dg, B;Ck,
BKj AKJ-

As a result, consider a change of coordinates under the
transformation matrix, T = diag(I,...,U;,...,I) with
U; being the ith diagonal block. Under this transforma-
tion, the ith diagonal block becomes

a1 0 0 o]
Dr.U; ! Ck.
L@l ‘mJ ,+ M o [bz_ o

Bk, U; ‘ K;
I a1 0; 0
= | * k1 ok
Br U, " Ak

where * represent irrelevant entries. Consequently, it
is clear that the eigenvalues of this matrix include the
unstable eigenvalue of aj1, for any choice of matrices
Ak,,Bk,,Ck,,Dk,. As a result, A, cannot be stabi-
lized with any controller K € Sparse(MY; RP). [

Note that the stability condition in Lemma 4 is not
equivalent to (A, B) stabilizable. Thus, this lemma shows
that there exists a decentralized controller which stabi-
lizes the overall system if and only if each individual sub-
system can be stabilized.

ITI-C Algebraic Riccati Equations

It is well-known that solutions to the classical, central-
ized Hy problem involve the stabilizing solution to an

algebraic Riccati equation. Similarly, it will be shown
that Riccati equations are involved in the solutions for
these decentralized problems. Thus, the necessary and
sufficient conditions for the existence of a stabilizing so-
lution to the algebraic Riccati equation is presented here.

Lemma 5. Suppose DTD > 0. Then, there exists X >
0, such that

X=CTC+ATXA - (ATXB+C"D)
x (DTD+BTXB)"Y(BTXA+DTC) (8)

and
p(A—B(D"D+BT"XB)"'(B"XA+D"C))< 1
if and only if (A, B) is stabilizable and

e o)

c D (9)

has full column rank for all A € T.

Proof For a proof, see [26] and [27]. n

For convenience, we will denote the stabilizing solution
to the Riccati equation (8) as

X = Ric(4, B,C, D)

Note that this X is unique. Thus, in addition to (A4, B)
stabilizable, the classical problem also requires the rank
condition of (9).

In the decentralized problem considered here, stabiliz-
ing solutions to multiple Riccati equations are required.
In particular, we need stabilizing solutions X; satisfying

Xi = RIC(A BiDyciD7DiD) (10)

ips
for each ¢ € V. Consequently, we will need (A, Bip)
stabilizable and

Aip, = A By
Ciy  Di,

having full column rank for all A € T, for all i« € V.
Checking these conditions for each ¢ € V can be com-
putationally expensive in large, highly connected graphs.
However, this can be simplified with the following lemma.

Lemma 6. Suppose DTD > 0, (A;, B;) is stabilizable
forallieV, and

C D (11)

[A — A B}
has full column rank for all X\ € T. Then, for alli €V,
DE D;,, >0, (Aip, Bip) is stabilizable, and

ip»

(12)

Aip, =M By,
C D

ip ip

has full column rank for all A € T.



Proof We omit the proof for space; see [16] for a com-
plete proof. [ |

While Lemma 6 provides a sufficient condition for the
existence of stabilizing solutions to all of the Riccati
equations (10), in general these conditions are not neces-
sary. However, by only requiring one rank condition to
be met, this lemma provides a computationally cheaper
approach to checking for the existence of stabilizing so-
lutions to (10) for all i € V,

One special case to note here is when there exists an
© € V such that ip = V. In this case, the rank condition
of (11) is necessary for the existence of the stabilizing so-
lution X;; by Lemma 6, this would then imply that stabi-
lizing solutions exist to all of the Riccati equations (10).

IV  Main Results

To summarize our results of the previous section, we will
make the following assumptions throughout this work.

A1) M9I" = M
A2) (A;, B;) is stabilizable for all i € V
A3) D'D > 0and HH" >0

Ad) {A _C)\I g] has full column rank for all A € T

As noted in Lemma 6, Assumption A4 is a sufficient
condition for the existence of stabilizing solutions to the
requisite Riccati equations in (10) and could be replaced
by requiring that (12) has full column rank for all 4, which
is both necessary and sufficient. As stated however, con-
dition A4 only requires checking the rank of one matrix,
instead of N matrices.

We are now ready to present the main results of this
paper. The proof of the following theorem will be devel-
oped in the next few sections.

Theorem 7. Suppose G is a directed acyclic graph, and
let P be defined by (4). Furthermore, suppose that As-
sumptions A2-A4 hold. For each i € V, let X; =
Ric(Aip, Bip, Cip, Dip) be the stabilizing solution to the
corresponding Riccati equations, and let

K; = (DL Dy, + B X;Bi,) ™" (BL X; Aip, + D Cip)

Lastly, define Ax, Bg,Ck, Dg € Sparse(MY;R) by

Aii — Bigip Kilipiy, 1=
(Ar)ij = § —(Airi — Bigip Kilini) Lz, i €Jp
0 otherwise
BK = diag(A Bll iDK'IiDi)
(Cx)vi = ~Tvin Kilinip, + D ko Kiliok iy,
ke€ip
(DK)Vj = 7IVJDK I.]D]

Then, a unique optimal K € Sparse(MY;RP) exists
for (7) given by

A B
B K K (13)
Ck | Dk
Moreover, this controller corresponds to the policies:
qi(t+1) = (Ax)ia¢i(t) + (Bx)iaTia () (14)

ui(t) = (Ck)iinqi(t)

for each i € V.

+ (DK )iiaTin (1)

Having established the optimal decentralized policies,
a few remarks are in order. The policies in (14) provide a
state space representation for each individual controller.
As stated though, this representation lacks any intuition
into the estimation structure of these policies. To provide
this intuition, let the state of K in (13) be . Combining
this with (3), the closed-loop system has states ng]
As will be shown later, we can use a transformation to get
a new state £(¢) such that the closed-loop state evolution
decouples as

&Gt +1) = (Aip K;)&i(t) + Lipi Hiwi(t)

for each ¢ € V. Moreover, the optimal policies become

ZIUDK §] Z IUDK é-]

j€ia
In addition, we will show that the states & (t) can be
represented as

&i(t) = E(ip (1) [ 212 (01 1)) — E(wip (t) | 21, (0: 1))

where z(0: t) is shorthand notation for z(0),...,z(t). In
other words, the first term in &;(t) represents the esti-
mate of plant state x; and its descendants, conditioned
on knowing the histories of plant state z; and its ances-
tors; the second term is a similar estimate, except it is
conditioned on knowing only the ancestors of vertex 1
and not x; itself. Thus, &; is the estimation correction in
updating the conditioning information to include state
ZTi.

Lastly, these results establish the order of the optimal
controller, as seen in the following corollary; recall that
each subsystem ¢ € V has a state dimension of n;.

Corollary 8. For the decentralized control problem (7),
the optimal controller KK € Sparse(MY; RP) has order of

at most
D

%
J€ip

It should be noted that Corollary 8 provides the op-
timal controller order for the overall controller in (13).



However, in practice, individual controllers may be im-
plemented as in (14). While the individual controller
might have a smaller state dimension than K, the to-
tal computational effort required would be higher in this
case. Intuitively, this is due to repetition in estimation
among players; in other words, multiple players may be
running the same state estimators.

In contrast, to reduce this overlap in estimation and
minimize the total computation across all controllers, it
might be better for each player to compute & and pass
that information to descendant players. Thus, there is a
trade-off that can be made between the amount of com-
putation required by each player and the amount of in-
formation that is passed along communication channels.

V Optimality Conditions

We turn now to establishing the results of the previous
section. To this end, we begin by using the standard
Youla parametrization to simplify our optimization prob-
lem (7). In what follows, we use S = Sparse(MY; RH.>).

Lemma 9. Suppose G is a directed acyclic graph, and let
P be defined by (4). Suppose (A;, B;) is stabilizable for
alli €V, and let F; be matrices, such that A; + B; F; has
stable eigenvalues. Lastly, let F' = diag(F;). Then, the
set of all internally stabilizing controllers is parametrized

by
{K € Sparse(MY9; RP) | K internally stabilizing}
={QU+MQ)" +F[QeS}

where M = (21 — (A + BF))~'B. Moreover, the set of
stable closed-loop transfer functions satisfies

(15)

{F(P,K) | K € Sparse(MY; RP), K int. stabilizing}
= {Ni1 + N12QNo1 | Q € S} (16)

where Nig = 271((C + DF)(2I — (A+ BF))™'B + D)
and

Proof Suppose K € Sparse(MY; RP) internally stabi-
lizes P and has realization (A, Bx,Ck, Dk). By def-
inition, this implies that (6) is stable. Let us define
Q € Sparse(MY; RP) by

Q=(~(K-F)M)~(K-F)

so that K = Q(I + MQ)~! + F. Then, algebraic manip-
ulations (which must be omitted here for space, but can
be found in [16]) show that

A+ BDx BCxk | B(Dk — F)
BK AK BK

D —F Ckg Dk - F

Q=

Since A in (6) is stable, then Q € S.
Conversely, suppose that ) € S has the realization
(Ag,Bg,Cg,Dg). Then, it can be shown that

K=QUI+MQ) ™ +F

A+B(F—DQ) BCQ —BDQ
= —Bqg Ag —Bqg
Do ~Co | Do+ F

Consequently, the closed-loop matrix A, is given by

A+ B(Dg + F) BDg, —~BCq
Ay = —~BDg A+ B(F—Dg) BCq
—Bg —Bg Aq

Under a particular transformation, it turns out that A
is similar to the matrix

A+ BF BDg —BCQ
0 A+ BF 0
0 —Bg AQ

Since A+ BF and Ag are stable by assumption, then A
is stable. Thus, we have shown that (15) holds. Obtain-
ing the set of closed-loop maps in (16) follows directly
from plugging the set of controllers parametrized by (15)
into F(P,K). ]

As in the classical case, the Youla parametrization
translates the difficult optimization problem (7) into an
affine optimization problem. However, since we have
state feedback in our problem, we can simplify the prob-
lem even further.

Lemma 10. For the system in (4), let N be defined as
in Lemma 9. Suppose Q is optimal for
[IN11 + N12Q||2
QeSS

minimize
) (17)
subject to

Then, there exists Q € S, such that QQ = QNgl, and Q is
optimal for

N1 + N12QNai ||
QeS

minimaize
(18)

subject to

Conversely, if Q € S is optimal for (18), then Q = ONy;
is optimal for (17).

Proof This follows from the fact that N21,N2_11 €5, so
that Q € S if and only if Q € S. [ |

In order to solve the optimization problem in (17),
which is infinite-dimensional, it is convenient to find
an equivalent optimality condition, which the following
lemma provides.

Lemma 11. Suppose G1,G2 € RHo. Then, Q € S
minimizes

minimize |G1 + G2Q)|l2

subject to QReS



if and only if

G3Gy + G3GaQ € S* (19)
Proof This result is a version of the classical projection
theorem; see for example [28]. [ |

While Lemma 11 provides the optimality condition
for (17), it does not guarantee the existence of an opti-
mal controller. The existence of such a controller will be
shown by explicit construction in the following sections.

VI Spectral Factorization

Our goal is now to find a solution @ € S which satisfies
the optimality condition

NyNii + NiyNi2Q € S* (20)
To this end, we have the following result.
Lemma 12. Suppose G1,G2 € RHs. Then, Q € S
satisfies
G3Gh + G3GaQ € St (21)

if and only if
(G3G1)ini + (G3G2)ip Qini € Hy
foralli e V.

Proof The optimality condition (21) can be equivalently
written as
GG + G5G2Q = A

where A € S1. Note that A satisfies

Hy €]
A”e{ 2 ? JD

(22)

Ly i¢jp
Thus, (22) is satisfied if and only if it is satisfied for each
(,7) such that ¢ € jp. Breaking this up by column, we
have for each j € V
Lipv(G3G1 + G3G2Q) 1y = LinvAly;
(G3G1)jpj + (G3G2)ipQjnj = Ajpj

Since Qjp; € RH2 and Aj,; € Hy, the result follows. ®

VI-A Centralized Case

From Lemma 12, we must now solve N optimality con-
ditions, one for each column of (20). However, each of
these equations can be solved via spectral factorization,
as in the classical centralized case. We summarize these
results with the following two lemmas.

Lemma 13. Suppose G1,G2 € RH oo have the realiza-
tions

G =0C(zI-A)"'H
Gy =2 YC(2I — A)™'B + D)

Suppose there exists a stabilizing solution X to the al-
gebraic Riccati equation, X = Ric(A,B,C,D). Let
W = DTD + BTXB, and K = W-YBTXA + DT0),
and L € RH~ satisfying

A B
WiK | W3

Then, L™ € RHoo, L™* € H, and
L*L = G5Gs
Moreover,

L*GiG, =W BT (:"'I— (A- BK)")"'XH
+2W2K (I — A)7'H

Proof This result follows from algebraic manipulations
of the Riccati equation. A simple proof follows the ap-
proach in [29]. ]

With the above spectral factorization, we can now
solve the optimality condition of the centralized case,
given by

G3G1+G3GaQ € Hy

with @ € RHs.
Lemma 14. Let G1,Gy € RHo be defined as in
Lemma 13. Suppose there exists a stabilizing solution X
to the algebraic Riccati equation, X = Ric(A, B,C, D),
and let K and L be defined as in Lemma 13. Then, the
unique QQ € RHa satisfying
G561+ G3G2Q € Hy

s given by

Q=—2K(2I - (A-BK))"'H
Proof From Lemma 13, we have the spectral factoriza-
tion G3G2 = L*L. Since L™* € H_, then L™*H5 C H5.
Hence, the optimality condition is equivalent to

L™*G3G1 + LQ € Hy

Since LQ € RH,, we can project the optimality condi-
tion onto Hso to obtain

Py, (LT"G5G1) +LQ =0
From Lemma 13, we have
Py, (L*G5Gy) = 2W3K (2 — A)'H
Consequently, we have
Q= —L Py, (L7G5Gh)
= —2K(zI - (A— BK))'H

|

Having established the solution for the centralized

problem, we are now ready to solve our decentralized
problem.



VI-B Decentralized Case

To solve the decentralized optimality condition (20), we
must apply our results from the centralized case N times,
as seen in the following lemma.

Lemma 15. For the system in (4), let A¥ = A+ BF,
and CF' = C + DF, and

Ny =CF(zI — ANYH
Nig = 2~ 1(CF (2 — AT)"'B + D)

Furthermore, for each i € V, suppose there exists a sta-
bilizing solution X; to the Riccati equation

X; = Ric(Af, Bi,,C{, Dip) (23)
and define
KF' = (DL Dy, + BE X;B;,) ' (BE X; AL, + DE C)
(24)
Then, the unique QQ € S satisfying
NiyNip + Ny NiQ € S* (25)
s given by
Q= IipQipiliv
icy
where
QiDi = _ZKZF(ZI - (AI}; - BiDKiF))_IIiDiHi (26)

Proof From Lemma 12, we know that Q € S satis-
fies (25) if and only if

(N{2N11)ipi + (N5 N12)ip Qini € Ha
for all « € V. This is equivalent to
G5G1 + G3G2Qipi € Hy
where

G = Cf (21 — A ) I, H;
Go =2z (Cf (21 — AL)) ' By, + Dip)

Applying Lemmas 13 and 14, we find that Q;g; sat-
isfies (26). The result follows from concatenating the
columns of @ given by Ivip Qipi- [ ]
Thus, we have found the optimal @ € S for (25). How-
ever, if we now want to apply this spectral factorization
approach to our problem, our Riccati equations would
be in terms of the pre-compensator F. However, this
difficulty can be avoided with the following result.

Lemma 16. Suppose X € R"*" and F' € R™*™. Then,
X is the stabilizing solution to X = Ric(A4, B,C, D),
if and only if X is the stabilizing solution to X =
Ric(AF, B,C¥ D), where A¥ = A+ BF and CF' =
C + DF.

Proof By substitution of A" and CF', it can be readily
shown that the two Riccati equations are equivalent. W

Thus, our ability to solve the optimality condition (20)
is independent of our choice of the pre-compensator F'.

Now, to find the optimal K € Sparse(MY;RP), we
must invert the various transformations made along the
way. From Lemma 10, we first solve for Q = QNQ_ll.
Then, inverting the Youla parametrization in Lemma 9,
we must compute

R=(I+QM)'Q

Lastly, we have = R + F. These computations are
performed in the following results.

Lemma 17. For the system in (4), let Noy and M be
defined as in Lemma 9, and suppose Q is defined as in
Lemma 15. Lastly, define A, B,C, D as

AII:;D - BkkaKlflkab k=m
Agm = _(A]}zbk - BkkaKlf‘Ika)Ikmb ke m;:)
0 otherwise
B = diag(Ay, . — Bipkn Ki lepk)
éVm = _IVmDKyly;;ImDmb + Z IVPDKII;IPDPIPP{)
pEmMp,
s F
DVm — _IVmDKmImDm
Then,
—1 —1 —1 A B

Proof Let us define the intermediate variables, A =
diag(Af — Bi, K[') and

IlDlABlAIIAV
B = :
INpNa BNaINaY

C = [~ KT ~Iynp KX

Note that A, B ,C are partitioned into blocks indexed by
V. Thus, our subscripting notation will be used for these
matrices as well. To avoid confusion when using the iden-
tity matrix, we will use I to indicate the identity matrix
corresponding to matrices with the larger blocks.

It is straightforward to show that

A-BC| B
-C I

Note that A — BC € Sparse(MY;R). Consequently,

(I+QNy'M)™' =

Ilv(.[ + QNilM)71]VkD

Ajankp

— Biyrin Ciarkn | Biankn ko ]

—IivCisnkp Lixp,



since
Blyiy = Ivip Bip Iviep, IivC = LiyCi, iy

Multiplying this expression by 2 'Qyyx and removing
an uncontrollable state yields

2 (I + QN M) ™ vy, Qup
AiAﬂkD — BiAﬂkDéiAﬂkD ‘ fiAﬁka(IkaHk)
0

IivCiankp

Let us define the shorthand notation,

Ak = Ajpnkp — Biankp Ciarkp Cik = IivCinrkp

As a result, we have

Rij =Y Io(I + QN M) Tty Quepo e Tiw N3y ' Ty

k
_ | A | Aijlianiniling — Biaring
Cij ‘ —Lijp K I
where we have defined
IlDlAﬂ‘
Ey; = :
INDNAQJ‘

Note that the direct feedthrough term above is equal to
D;;. Similarly, algebraic manipulations, which must be
omitted for space, show that the above expression sim-

plifies to (27). |
We are now ready to prove Theorem 7.

Proof of Theorem 7. From Lemmas 5 and 6 and
Assumptions A2-A4, there exist matrices X; satisfying
the Riccati equations (10). From Lemma 16, this implies
that there exist stabilizing solutions to (23). As a result,
define KiF as in (24). From Lemmas 9, 10, and 11, we
know that K is optimal for (7) if and only if @ is optimal
for (20) and K = (I + QN5 M)~'QN,;* + F. Since the
optimal @) was found in Lemma 15, the optimal controller
IC is given by K = R+ F, with R given in Lemma 17.

Notice that
F F
Ayr, = Brp ko Kk Ikpky, = Axy, — B kp Kilkpky,

which implies that A = Ag. Similarly, we can show that
B=Bg,C=Cg,and D= Dy — F. Thus, K= R+ F
satisfies (13). The individual controllers of (14) come
from simply computing u; = Kijpz = Kii, i, - ]

Note that, despite the need for the pre-compensator F
to handle unstable plants, the optimal controller, and its
existence, is independent of the choice of F'.

11

VII Estimation Structure

While Theorem 7 provides the optimal controller K €
Sparse(/\/lg; RP), the resulting controller is not particu-
larly intuitive. To better understand our results, let us
first consider the classical, centralized problem. In that
case, the optimal controller satisfies

u(t) = Ki(t)

where Z(t) is the minimum mean-square error (MMSE)
estimate of the state. Thus, the optimal controller sepa-
rates nicely into the LQR gain K and the Kalman filter
dynamics for estimating the state.

However, this is not the case for our decentralized prob-
lems. In fact, consider the following policy, which is the
natural analog of the centralized result

ui(t) = Koy B(x(t) | 21, (0: 1))

That is, each player uses the same LQR gain multiplied
by its own estimate of the state conditioned on its known
information x;,. It is straightforward to show that im-
plementing such a policy for a decentralized problem may
actually destabilize the system.

Nevertheless, there does exist an intuitive estimation
structure for these decentralized problems, and we will
demonstrate this in this section. To begin, we find that
the closed-loop system dynamics has a particularly nice
representation.

Lemma 18. Let P and K be defined by (4) and (13),
respectively. Then, the closed-loop state dynamics satisfy

E(t+1) = AL&(t) + Baw(t) (28)
where
Acl = diag(AiD — BiD Kl) Bcl = diag(IiDiHi)
Proof Combining the dynamics of (3) and (13), the
closed-loop dynamics are given by
F(H 1)} B [A+ BDx BCK} {x(t)] . [H} it
n(t+1) Bk Ag | [n(t) 0

The result follows by a straightforward state transforma-
tion. [ ]

Thus, from Lemma 18, we can rewrite the closed-loop
dynamics in terms of the states £, whose dynamics are
decoupled since A, and B, are block diagonal. As a
consequence of this transformation, the new state £ sat-

isfies
zi(t) = D Ly m;(t)
jEV,

7i(t)
for each ¢ € V. We can then rewrite the optimal con-
troller in terms of these new states as

=0 ]

&i(t) (29)

= [~Dip Ki —Iynp Kn] &(t)



This implies that each individual controller is

Z IlJDK g]

JEia

(30)

While this is a very clean result for the optimal control
policy, we can gain additional intuition to it with the
following result.

Theorem 19. Suppose £ satisfies the dynamics of (28)
and (29), with w;(t) independent, zero-mean random
vartables. Then,

€i(t) = E(ip (t) | 214 (1))

Proof From Lemma 18, it is clear that &;(¢) are inde-
pendent. Since ip Ni/y, =0, this implies that

E(&p (1) | &, (0:1)) =0

As a result, from (29) we have

(mlD( ) | 51 ZlekaJD

ke 1D ﬁJD
= > Tigjpm;(t)
JEL
where E(n;(t) | &, (0: t)) = n;(t) if j € i, and zero

otherwise. In particular, note that

E(2;(t) | &, ( =Y Iy n;(t)

]GlA

n;(t) | &, (0: 1))

and
Iy

E(z (t)|&, (0: 1)) = i3 115 (1)

J EIA
By the same construction, we can also show that

E(zi (8)|&ia(0: 1)) = ni(t) + Z inip i

jElA

Lastly, note that conditioning on £(0: ¢) is equivalent to
conditioning on x(0: t), n(0: t). However, since 7 is sim-
ply a function of z, then conditioning on x(0: ¢), (0: ?)
is equivalent to conditioning on z(0: t). Thus,

) — E(zi(t) | &, (0: 1))
g’(t)i( (H&AO)) B (e (1) | &, (0 >ﬂ
= E(xlD ) | 2is (0: 1) ) (x,D | zy, (0: t))

where it is clear that z;(t) = E(xz;(t) | zi, (0: t)). ]
From Theorem 19, it is clear that the optimal con-
trollers in (30) can be alternately expressed as

> Lin K (2555a (1) — E5p5, (1)

J€ia

where we have defined
Fioin(t) = B(r3n (1) | 734 (0: 1))
i‘lej/A (t) = E(l’jD (t) | Ty, (0: t))
Thus, we see that, in contrast to the centralized case, the

optimal decentralized policies are linear combination of
the estimation errors between players.
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VIII Examples

VIII-A Two Player System

In [13,14], the solution for the two player decentralized
problem, with one-way communication, was provided.
This corresponds to the graph in Figure 1(a). Using
the notation of this paper, we have that 1o = {1},
V = {1,2}, 2p = {2}. As a consequence, it
immediately follows from the results here that the opti-
mal controllers satisfy

1p =25 =

uy(t) = =Ly Ky (Zypp (1) — &ypp)
= —(K1)nzi(t) — (K1)1229)1 (1)
up(t) = =Ly Ky (& (t) — &yjp) — Ko (Zap (1) — £91(1))
—(K1)2121(t) — (K1)22Z9p1 (1)

— Ka(a(t) — 21 (1))

As expected, these results match the solutions of those
previous works.

VIII-B Communication Trade-off

In the 2-player case of [14], there are only three possible
communication schemes (when the two subsystems are
identical). These correspond to the decentralized cases
where either no communication or one-way communica-
tion is allowed, and the centralized system with two-way
communication.

In the 3-player case, there are many more possible com-
munication structures. In this section, we examine the
trade-off curves for a number of different communica-
tion structures. To this end, we consider the subsystems,

given by
)= (0] oz w0
+ 0. 1w, (1)

Here, z} and x? represent the position and velocity of a
simple point mass, respectively. In order for all com-
munication graph structures to admit tractable solu-
tions, we assume that the dynamics of the subsystems
are decoupled. In other words, Py € Sparse(l; RP) C
Sparse(M9"; RP
applies for any communication structure.
minimize is given by

(t) — x}

L () +

0.98 0.45] [z}
0.09 0.80] |2

), for any graph GX| so that Lemma 2
The cost to

> (=

i=1,2

S 001 (t)| + s (1

i=1,2,3

The first term represents the positional errors between
the masses and mass 2; the second term ensures that
the states tend toward the origin; and the third term is
the total input energy required for control. Thus, we are
essentially trading off the input effort with the positional
errors between the masses, with a weighting factor of pu.
The following nine graph structures are considered.



G0 @@ GO 3 G6G:O @MW

G:D @3 G:1>2 W G:1 @23
Gr:D>2>3) Gy : D@3  Go:D>2 B

Note that all of these graph structures are acyclic. Of
course, adding cycles is possible, and there are many
other possible graphs for this 3-player system. However,
some interesting behavior is observed with the above
acyclic structures.

By minimizing our cost over various pu, we obtain
the following trade-off curves for these graph structures,
shown in Figure 3.
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1=}
@

mean square effort

4
Q
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0.01

I I I
0.25

I I I I i
0.3 0.35 0.4 0.45 0.5
mean square state cost

0.55

Figure 3: Three-Player Trade-off Curves

For comparison, the centralized solution is included as
Geent- Also, the ordering in the legend is from graphs
with higher cost to graphs with lowest cost, with Geent
having the lowest cost as expected.

Some interesting results can be obtained from Figure 3.
First, G; and G3 have the same cost, and G4 and Gg have
the same, slightly lower cost. In other words, for both G;
and Gy, there is no benefit to adding a line of communi-
cation 1 — 3. However, when adding the path 1 — 3 to
graph G, there is an added benefit. The remaining three
graphs are also interesting. For all values of u, graph Gg
always has higher cost than G;. However, the relative
ranking of Gy varies over u. In particular, for low values
of u, Gg has higher cost than Gg, while for higher values
of 1, Gy has lower cost than Gy.

This behavior is very interesting, and not immediately
obvious from the graph structures alone. In particular,
this analysis would be very useful in cases where commu-
nication itself is costly. For instance, if only one chan-
nel of communication can be afforded, it is clear that the
non-trivial answer would be to use graph G,. Thus, there
is a clear practical use for the analysis that our results
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provide. Moreover, our results are applicable to much
more general settings than the simple system considered
here.

IX Conclusion

In this paper, a decentralized control algorithm was de-
veloped for systems connected over graphs. Explicit
state-space solutions were provided. The approach taken
involved a spectral factorization approach, whereby the
underlying decentralized problem was decoupled into
multiple centralized ones. Upon solving each of these,
which involved separate Riccati equations, the optimal
decentralized solution could be constructed. By provid-
ing analytic results, the order of the optimal controller
was established. Moreover, an intuitive view of the opti-
mal controllers was provided in terms of estimation pro-
cesses. Lastly, a numerical example was provided which
demonstrated the power of our results in trading off the
number of allowable communication channels.

This work represents one step in a fully general devel-
opment of optimal decentralized control. In particular, it
was assumed here that state feedback was used and com-
munication was immediate and perfect. While some of
our work has already extended our results to cases with-
out state feedback [15], future work will investigate the
full output feedback case, as well as system with commu-
nication delays, or even different objective norms.
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